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　　Abstract　　Densi ty functional method is applied for st rongly correlated system s.Based on the assumption that the systems are com-

posed of elect rons in singly-occupied orbitals and those in doubly-occupied orbitals , a set of self-consistent equations are obtained by stan-
dard variation procedu re.T he equations consist of tw o parts.One part i s to solve the wave funct ions of the elect rons in singly-occupied

orbitals and the other i s to solve the wave functions of the elect rons in doubly-occupied orbitals.The physical meanings of the terms ap-

pearing in the equat ions are discussed.
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　　Up to now , computation method dealing with

the many-elect ron systems has been based on sing le-
part icle approximation.That is to say , the wave

functions of a system are composed of single-particle

w ave functions(SPWF' s), and all the phy sical prop-
erties are determined by the SPWF ' s.There have

been two sophisticate techniques to solve the SPWF' s.
One is the w ell-know n Hartree-Fock self-consistent e-
quations(HFSCE).The other is the Kohn-Sham e-
quations of density functional theory (DFT)[ 1] based

on the theorem of Hohenberg and Kohn[ 2] .The lat-
ter has been proved to be a powerful method for cal-
culating the electronic st ructures of many-body sys-
tem s since it sim plifies the computation and saves the

computation time com pared w ith HFSCE.Both the

H ESCE and DFT methods have been satisfactorily

applied to sy stem s in w hich the correlat ion effect is

not st rong .

Recent ly , there have been endeavo rs for the ex-
tension of DFT.For example , the rigorous physical

interpretat ion of DFT w as given by Sahni[ 3] , and a

theory of excited states of DFT w as suggested by

Sahni et al.[ 4] The method of calculating the excited

states[ 5] , and even doubly excited Rydberg states of

many-electron atoms[ 6] , was presented by Slamet et

al.[ 5 ,6] Furthermore , the quantal densi ty functional

theory of degenerate states was proposed by Sahni et

al.[ 7]

However , w hen the methods are applied to

st rongly correlated system , the output results are not

as good as expected.Some of the physical quantities ,
such as the binding energy[ 8] and the on-site Coulomb

interaction[ 9] , were no t well determined.I t turns out

that the methods should be improved w hen used to

t reat strongly correlated sy stem s.

There have been effo rts to deal wi th st rongly

correlated system w ithin the frame of the present

DFT .A typical w ay is to add an on-site Coulomb

term artificially to self-consistent equations , the so-
called local density approximation (LDA)+ U

method
[ 10—13]

.I t seems that up to date , the treat-
ment of st rongly-co rrelated systems remains at this

stage.For instance , Higuchi and Higuchi[ 14 , 15]

proved that there can be other basic variables in addi-
tion to the densi ty.By properly choosing the vari-
able , they obtained the single-particle equation w hich

w as equivalent to that of the LDA+U method.How-
ever , in the LDA+U method , the quant ity U be-
haved more o r less as an adjustable parameter.

It is generally believed that the most important

part of the st rong ly correlated ef fect originates f rom

the on-site Coulomb interaction.When an atomic or-
bit is occupied by tw o electrons w ith contrary spins ,



the Coulomb interaction between these tw o electrons ,
the so-called on-site Coulomb interaction , is so strong

that the single-particle appro xim ation method abates.
Compared with the on-site Coulomb interaction , oth-
er correlation effects are smaller.Therefore , if one

can treat the on-site Coulomb interaction properly , he

w ill be in a right position to numerically study the

strongly co rrelated systems.Consequently , the at ten-
tion should be concentrated on the t reatment of dou-
bly-occupied o rbits.

In sing le-particle approximation , the wave func-
tion of a doubly-occupied o rbital is also composed of

SPWF' s.We think that this is the main limi tation in

treating the st rongly-co rrelated systems.The doubly-
occupied o rbital as a sub-system should be regarded as

a w hole.This sub-system should be described by one

w ave function , no t by the com bination of SPWF' s.
That is to say , two-part icle w ave functions(TPWF' s)
should be introduced.Based on this idea , w e have es-
tablished a set of equations within Hart ree-Fock ap-
proximation , called strongly-correlated system

Hart ree-Fock self-consistent equation (SCS-HF-
SCE)[ 16] , as an approx im ate method to calculate

strongly correlated systems of elect rons.The equa-
tions are composed of tw o parts.One is to solve SP-
WF' s for sing ly-occupied o rbitals , the other is to

solve the TPWF' s for doubly-occupied o rbi tals.It

w as easily proved that the most important component

of st rong-correlation ef fect , the on-si te Coulomb in-
teraction , w as naturally embodied in the lat ter part.
Some properties of the SCS-HFSCE ' s w ere dis-
cussed.For example , we proved that the Koopman

theorem[ 17] and the Brillouin theorem[ 18] , w hich

w ere applied to usual HF-SCE' , were also suitable

for the SCS-H FSCE' s.Corresponding Roo thaan e-
quations[ 19] w ere also established.

As ment ioned above , density-functional method

has some superiorities compared w ith the Hartree-
Fock method.We think that the corresponding self-
consistent equat ions based on functional variation fo r

strongly-correlated sy stem s should also be estab-
lished.In this paper , we try to give the equations.

1　Formula

1.1　Assumptions

Hohenberg-Kohn theo rem[ 2] states that the

g round state of a system is determined only by its

densi ty.There are two aspects that should be consid-

ered.One is that the theorem does not tell how to de-
termine the density , and the other is that Higuchi

and Higuchi[ 14] believed that there can be other basic

variables in addition to the density.Here we only

consider the former aspect.The density should be

constructed by some phy sical quanti ties.The acquire-
ment of the density is no t unique.It depends on how

to analyze the system.In usual DFT , the density

comes f rom the contributions of single-particle w ave

functions.Since we believe that the TPWF' s are im-
portant due to the st rongly-correlated ef fect , their

contribution to the densi ty should be considered.I t is

assumed that the densi ty consists of tw o parts.One is

single part icle density (SPD)and the other is two-
particle densi ty (TPD).The SPD ρ1i(r)and the

TPD ρ2α(r , r1)are def ined as

ρ1i(r)=|ψ1i(r)|
2 , (1)

and

ρ2α(r , r1)=|ψ2α(r , r1)|
2
. (2)

In Eq.(1), ψ1i(r)is the SPWF w hich is assumed

orthonormalized

∫ψ＊1j(r)ψ1i(r)dτ=δij. (3)

In Eq.(2), ψ2α(r , r1)is the TPWF which is also

orthonormalized in the sense that

∫ψ＊2α(r , r1)ψ2β(r , r1)dτ1 =δαβρα(r), (4)

and

∫ρα(r)dτ=1. (5)

Here we use English letters to label the SPWF' s and

Greek let ters to label the TPWF' s.In this paper we

only t reat the space wave functions.A w ave funct ion

is in fact the product of two facto rs:the real-space

part and spin part.The two electrons in a doubly-oc-
cupied orbital have necessarily spins contrary to each

other.So the space part of the TPWF has a symme-
t ry :ψ2α(r , r1)=ψ2α(r1 , r).

It is assumed that there are M 1+M 2 o rbi tals(or

sites)w here each of the M 1 orbitals has two elect rons

and each of the M2 o rbi tals has one electron.The

number of elect rons is N =2M 1 +M2.The density

of the sy stem should be

ρ(r)=∑
i

|ψ1 i(r)|
2 +2∫∑α |ψ2α(r , r1)|

2dτ1

=∑
i
∫ρ1 i(r)+2∑

α∫ρ2α(r , r1)dτ1. (6)

The factor 2 in the second term of Eq.(6)comes

f rom the fact that there are tw o electrons in a doubly-
occupied orbital and w e have assumed the normaliza-
tion of the TPWF in Eqs.(4)and(5).
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The total energy is

E =∫v(r)ρ(r)dτ+VC +G[ ρ] , (7)

w here the f irst term comes f rom the ex ternal field and

VC is the Coulomb interaction betw een electrons ,

VC =
1
2 1

|r -r′| ∑i , j ρ1 i(r)ρ1 j(r′)

+4∑
i , α∫ρ1 i(r)ρ2α(r′, r1)dτ1

+4∑
α, β ρ2α(r , r1)ρ2β(r′, r2)dτ1dτ2

+2∑
α
ρ2α(r , r′)dτdτ′, (8)

w hich includes the interaction between singly-occu-
pied o rbitals , betw een singly- and doubly-occupied

o rbitals , between different doubly-occupied orbitals

and w ithin one doubly-occupied orbital.We have to

emphasize that the last term of Eq.(8)should not be

omitted.One should no t put dow n the Coulomb ener-
gy by the densi ty expressed in Eq.(6), because the

result would be

VC =
1
2 

1
|r -r′|

ρ(r)ρ(r′)dτdτ′

=
1
2 1

|r -r′| ∑i ρ1i(r)

+2∑
α∫ρ2α(r , r1)dτ1

· ∑
i

ρ1i(r′)+2∑
α∫ρ2α(r′, r2)dr2 dτdτ′.

(9)
It is apparent that the last term in Eq.(8)is dropped

in Eq.(9).

Another feature which should be pointed out is that

the last term in Eq.(8),

 1
|r -r′|

2∑
α
ρ2α(r , r′)dτdτ′,

is formally dif ferent f rom the other terms.It appears

that for doubly-occupied orbitals , the operato r

1
 r-r′ only acts on the w ave function i tself , so it

behaves as a “single-particle operator” .

The functional G[ ρ] consists of kinetics T 0[ ρ]
and exchange-correlation energy Exc[ ρ] :

G[ ρ] =T 0[ ρ] +E xc[ ρ] . (10)

The kinetics is

T 0[ ρ] =lim
r′※r∫- h

2

2m
2
r ∑

i

ψ
＊
1i(r′)ψ1i(r)

+2∫∑αψ
＊
2α(r′, r1)ψ2α(r , r1)dτ1 .(11)

The treatment of exchange-correlation energy

should be specially cautious because of the introduc-
tion of TPWF ' s.Presently , we assume that it is

composed of three parts:the exchange-correlation be-
tw een singly-occupied orbi tals , between singly- and

doubly-occupied o rbi tals and betw een different dou-
bly-occupied orbitals:
E xc[ ρ] =E1xc[ ρ1] +E 12xc[ ρ1 , ρ2] +E2xc[ ρ2] ,

(12)
w here ρ1 is f rom Eq.(1)and ρ2 from Eq.(2), re-
spectively.We further assume that the three terms in

Eq.(12)can be expressed in the follow ing way:

E1xc[ ρ1] =∫ρ1(r)ε1xc(ρ1(r))dτ, (13)

E 12xc[ ρ] =∫ρ(r)ε12xc(ρ(r))dτ, (14)

E 2xc[ ρ2] =∫ρ2(r , r′)ε2xc(ρ2(r , r′))dτdτ′.

(15)

From the conservation of the to tal number of the

particles ,

N =∫ρ(r)dτ, (16)

we can obtain the condi tion

∫δρ(r)dτ=0. (17)

Or , f rom the norm alization of the w ave functions ,
Eqs.(3)—(5), w e can also have the variation condi-
tions.The variation parameters are the energies of

the singly-occupied orbitals ε1i and those of the dou-
bly-occupied orbitals , ε2α.

1.2　The variation

Now we carry out the variation of total energy .
δ

δρ(r)
E =0. (18)

When taking the variation of ψ
＊
1 i(r), w e have

v(r)ψ1i(r)+∫ 1
|r -r′|

ψ1i(r)ρ(r′)dτ′

　　-
h

2

2m
2
rψ1i(r)+v 1xc(r)ψ1i(r)

　　+v 12axc(r)ψ1 i(r)=ε1iψ1 i(r), (19)
w here

v 1xc(r)=
δ

δρ1(r)
[ ρ1ε1xc(ρ1)] , (20)

and

v 12axc(r)=
δ

δρ1(r)
[ ρε12xc(ρ1 , ρ2)] . (21)

In order to take the variation of ψ
＊
2α(r , r′), one

should rew rite the Coulomb energy in the following way:
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VC =
1
2 

1
|r -r′|∑i , j ρ1i(r)ρ1j(r′)dτdτ′

+2 1
|r -r1|∑i , α∫ρ1i(r1)ρ2α(r′, r)dτ1dτdτ′

+2 1
|r -r1|∑α, β∫ρ2β(r , r′)ρ2α(r1 , r2)

·dτ1dτ2dτdτ′

+ 1
|r -r′|∑αρ2α(r , r′)dτdτ′. (22)

Then the variation of the total energy wi th respect to

ψ
＊
2α(r , r′)results in

[ v(r)+v(r′)] ψ2α(r , r′)

　　+2∫
ρ(r1)

|r -r1|
ψ2α(r , r′)dτ1

　　+ 1
|r -r′|

ψ2α(r , r′)-
h

2

2m
2
rψ2α(r , r′)

　　-
h

2

2m
2
r′ψ2α(r , r′)+v 12bxc(r , r′)ψ2α(r , r′)

　　+v2xc(r , r′)ψ2α(r , r′)
　=ε2αψ2α(r , r′), (23)

w here

v 12bxc(r , r′)=
δ

δρ2(r , r′)
[ ρε12xc(ρ1 , ρ2)] ,

(24)
and

v 2xc(r , r′)=
δ

δρ2(r , r′)
[ ρ2εxc(ρ2)] .(25)

1.3　The features of the self-consistent equations

Equations(19)and (23)are our main results.
We reformulate them

-
h

2

2m
2
r +∫ 1

|r -r′|
ρ(r′)dτ′+v(r)

　　+v 1xc(r)+v 12axc(r) ψ1i(r)=ε1iψ1i(r),

(26)

-
h

2

2m
(

2
r +

2
r′)+

1
|r -r′|

　　+2∫ 1
|r -r1|

ρ(r1)dτ1 +v(r)+v(r′)

　　+v 12bxc(r , r′)+v 2xc(r , r′) ψ2α(r , r′)

　=ε2αψ2α(r , r′). (27)
The first equation , Eq.(26), is to solve the wave

functions of elect rons in sing ly-occupied orbitals.The

second , Eq.(27), is to solve the wave functions of

doubly-occupied orbitals.

The discussions of the tw o equat ions are similar

to those of Kohn-Sham equations.The terms in

Kohn-Sham equations[ 1] have co rresponding terms in

HFSCE' s.We discuss Eqs.(26)and (27)in com-
parison with SCS-HFSCE' s in Ref.[ 16] .

If we rew rite Eqs.(26)and(27)as

H1ψ1 i(r)=ε1iψ1i(r), (28)
and

H 2ψ2α(r , r′)=ε2αψ2α(r , r′), (29)

then obviously bo th H 1 and H2 are Hermi tian:

H
+
1 = H1 and H

+
2 =H 2. (30)

And the wave functions automatically meet the or-
thogonal condi tions of Eqs.(3)—(5).

Now , let us see the various energy term s in

Eqs.(26), (27).The kinetics and the Coulomb en-
ergies are the same as those in the SCS-HFSCE' s in

Ref.[ 16] .Their phy sical meanings are clear.Dis-
cussion of the exchange-co rrelation energies is impor-
tant.

Firstly , w e discuss the correlation effect.The

term 1
 r-r′ 

ψ2α(r , r′)involved in Eq.(27)show s

that w e can calculate the on-site Coulomb energy di-
rectly w ithout the need of any adjustable parameter.
Since the on-site Coulomb energy is the main part of

the correlation effect , other correlation effects are

small com pared with it.Consequently , as an approxi-
mation , w e can drop the o ther parts of the correlat ion

energy.That is to say , the terms v 1xc (r),
v 12axc(r), v 12bxc(r , r′)and v 2xc(r , r′)in the tw o

equat ions merely contain various exchange effect.

Secondly , we discuss the various possible ex-
change effects.In Eq.(26), the term v 1xc(r)repre-
sents the exchanges between singly-occupied orbitals

and v 12axc(r) represents the exchanges between

singly- and doubly-occupied orbitals , as can be easily

seen in comparison with Eq.(20)in Ref.[ 16] .In

usual density functional equations , there have been

sophist icated expressions for the exchange between

elect rons , i.e.the expression of μx(r)suggested by

Kohn and Sham.Here w e reasonably assume that the

expression of v 1xc(r)is the same as that of μx(r)
since they have the same physical meaning

v 1xc(r)=-
3

2π
[ 3π2ρ1(r)]

1/3. (31)

In Eq.(27), the term v 12bxc(r , r′)represents

the exchanges betw een singly- and doubly -occupied

orbitals and v 2xc(r , r′)represents the exchanges be-
tw een doubly-occupied o rbitals , as can be easily seen
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in comparison w ith Eq.(21)in Ref.[ 16] .Since

v 2xc(r , r′)only concerns the density ρ2 determined

by TPWF' s , w e suppose that i t has the same form as

Eq.(31):

v 2 xc(r , r′)=-
3

2π
[ 3π2ρ2(r , r′)]

1/3. (32)

1.4　The total energy

The energy of each singly-occupied orbital is

ε1i =∫ψ＊1i(r)-h
2

2m
2
r ψ1i(r)+∫ 1

|r -r′|

· ∑
i∫ρ1i(r)+2∑

α∫ρ2α(r , r1)dτ1 ρ1i(r)dτ′

+[ v(r)+v 1xc(r)+v12axc(r)] ρ1i(r)dτ.

(33)
The energy of each doubly-occupied orbital is

ε2α= ψ
＊
2α(r , r′)-

h
2

2m
(

2
r +

2
r′) ψ2α(r , r′)

+
ρ2α(r , r′)
|r -r′|

+2∫
ρ2α(r , r′)
|r -r1|

· ∑
i

ρ1i(r)+2∑
β∫ρ2β(r , r2)dτ2 dτ1

+ρ2α(r , r′)[ v(r)+v(r′)+v 12bxc(r , r′)

+v2xc(r , r′)] dτdτ′. (34)

The to tal energy is the sum of the energies of all or-
bi tals reduced by a half of the total interactions be-
tween dif ferent orbitals.

E =∑
i

ε1i +∑
α
ε2α

-
1
2 ∑i , j 

1
|r -r′|

ρ1i(r′)ρ1j(r)dτdτ′

-2∑
i , α 

ρ1i(r)
|r -r′|∫ρ2α(r′, r1)dτ1dτdτ′

-2∑
α, β  

ρ2α(r , r1)
|r -r′|

ρ2α(r′, r2)dτ2dτ1dτdτ′

+∑
i
∫[ ε1xc(r)-v 1xc(r)] ρ1i(r)dτ

+∑
α [ ε2xc(r , r′)-v 2xc(r , r′)]

·ρ2α(r , r′)dτdτ′

+∑
i∫[ ε12xc(r)-v12axc(r)] ρ1i(r)dτ

+∑
α [ ε12xc(r , r′)-v12bxc(r , r′)]

·ρ2α(r , r′)dτdτ′. (35)

Here the corrections of exchange-correlat ion energies

are also included as what w as done in Ref.[ 1] .

2　Discussion

Although the exchange-correlation energies have

been discussed in subsection 1.3 , we have to discuss

more about the formula in section 1.

In this paper , w e imitate the procedure used by

DFT to produce our self-consistent equations.The

derivations are quite straightfo rw ard.The equations

have to be solved self-consistently .If a set of densit ies

ρ1 and ρ2 are assumed and Eqs.(26)and (27)are

solved , a new set of ρ1 and ρ2 can be generated.

The equations are similar to the SCS-HFSCE' s

(see Eqs.(20)and(21)in Ref.[ 16]).In fact , ev-
ery term in Eqs.(26)and(27)has its counterpart in

SCS-HFSCE' s.Therefore , thei r physical meanings

are clear.

In the limit of M 1=0 , all orbitals are singly-oc-
cupied.One only needs to solve Eq.(26)and the en-
ergy E 12xc[ ρ1 , ρ2] =0.Eq.(26)naturally goes back

to the Kohn-Sham equation.This applies to the sy s-
tems that the elect ron densi ty is not very high.At the

other limit , M 2=0 , one only needs to solve Eq.(27)
and the energy E 12xc[ ρ1 , ρ2] =0.This is the case of

closed shell of atoms.

Follow ing the expression of exchange energy

μx(r), we suggest that the corresponding energy

v 1xc(r)w hich only concerns the exchanges between

singly-occupied orbitals has the same form of μx(r),
i.e.Eq.(31).Similarly , we suggest that the ex-
change energy v 2xc(r , r′)w hich only concerns the

exchanges between doubly-occupied orbitals has the

fo rm of Eq.(32).These are just our conjectures.As

fo r E12xc[ ρ1 , ρ2] , w e cannot even give a rough ex-
pression presently.The exploration of exchange-cor-
relation functional theory requires further detailed

analysis of the sy stem s and the w ork is still in

progress.

The calculation of the total energy concerns 12-
multiple integrations.Hence it is necessary to make

some simplification to m ake the com putat ion possible.
We have suggested an approximate fo rm of TPWF '
s
[ 16]
.The suggested w ave functions involved tw o

kinds of corrections:the radial co rrection and the an-
gular correction , w hich show ed that w e correct ly dis-
tinguished the co rrelation as radial and angular parts.
This form of w ave function shows that the elect ron

cloud behaves in such a w ay that the tw o elect rons in
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the o rbital are apart f rom each o ther as far as possible

both in radial di rection and in angular direction[ 20] .
The physical meanings of them , therefore , were quite

clear and reasonable.Especially , the angular correla-
tion is closely related to the atomic orbital.It is well

know n that the fi rst-principle calculation up-to-now

could no t reflect Hund' s third rules sat isfactorily and

the problem remains open.We believe that the reason

is that the single-particle w ave funct ion appro xim a-
tion used in the calculation cannot reveal the angular

correlation suf ficiently.Since the suggested fo rm of

the TPWF in Ref.[ 16] correctly ref lected the angu-
lar correlation , it is possible that our method in this

paper can ref lect Hund' s thi rd rules.

We have assumed that the tw o elect rons in the

doubly-occupied orbi tal are spin-antiparallel.One m ay

ask a question that if there is such a possibility that

they are spin-parallel ?We now argue that this kind of

TPWF is unreasonable.

One should keep in mind that the TPWF is the

product of tw o factors:space wave function and spin

w ave funct ion , f 2α(1 , 2)=ψ2α(r1 , r2)ξ(1 , 2).
When the spins are ant i-parallel to each other ,

ξ(1 ,2)=
1

2
[ η←(1)η↑(2)-η←(2)η←(1)] , the

special wave function is as symmetric as we have used

above.Suppose that there is another doubly-occupied

o rbital w here the spins of electrons are parallel , then

w e have

f 2β(3 ,4)=ψ2β(r3 , r4)ξ(3 ,4)

=ψ2β(r3 , r4)η←(3)η←(4)
w ith ψ2β(r3 , r4)being antisymmetric.When w e cal-
culate the exchange energ y by exchanging two parti-
cles(see Eq.(22)in Ref.[ 16]), the result w ill be

∫f ＊2α(r1 , r2)f
＊
2β(r3 , r4)

1
 r1-r3 

　　·f 2β(r3 , r4)f 2β(r1 , r2)dτ1dτ2dτ3dτ4=0 ,

because the spin w ave functions are orthogonal.
Therefore , the TPWF w ith spin-paralleled electrons

cannot reflect the effect of ex changing tw o electron

and should no t be considered.

In Eq.(26), the density involved in the term

∫ 1
|r -r′|ρ(r′)dτ′ψ1 i(r)contains the contribu-

tion f rom the w ave function ψ1i(r)i tself w hich caus-
es the so-called “self-Coulomb” energy.Slater pointed

out that in Hartree-Fock equation , the “ self-
Coulomb” energy and the “self-exchange” energy are

exact ly equal in magnitude but opposite in sign.

However , this ex act cancellation has been lost in the

local density theory because the exchange interact ion

of the Hart ree-Fock equation has been replaced by a

local exchange correlation po tential
[ 21]
.

In Eq.(27), there is also a term ref lecting self-
Coulomb energy .Fo r TPWF , even in Hart ree-Fock

equat ion , the self-Coulomb energy and the exchange

energy are not exactly the same.From Eq.(22)of

Ref.[ 16] , the difference of self-Coulomb energy and

the exchange energy is

2  ψ＊2α(r1 , r2)ψ
＊
2α(r3 , r4)

　　·
1

|r1 -r3|
+

1
|r2 -r3|

　　·[ ψ2α(r1 , r2)ψ2α(r3 , r4)

　　-ψ2α(r1 , r3)ψ2α(r2 , r4)] dτ1dτ2dτ3dτ4.
We guess that this difference should no t be large and

we expect that proper exchange-correlation function-
als w ill fetch up this problem.
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